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ABSTRACT 


Two  questions  concerning  bifurcation  theory  and  optimal  stochastic 
control  are  considered.  First,  in  a  few  examples,  we  give  the  interpretation 
of  a  bifurcation  in  terms  of  optimal  stochastic  control.  Next,  we  introduce 
the  analogue  of  the  lowest  eigenvalue  for  the  nonlinear  operator  associated 
with  the  Hamilton-Jacobi-Bellman  equations  of  Optimal  Stochastic  Control. 
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SIGNIFICANCE  AND  EXPLANATION 


We  consider  here  two  questions  related  to  bifurcation  analysis  in 
nonlinear  elliptic  equations.  We  first  study  the  interpretation  in  terms  of 
optimal  stochastic  control  of  a  bifurcation  in  some  particular  nonlinear 
equation  and  we  prove  that,  roughly  speaking,  it  corresponds  to  the  appearance 
of  critical  sensitivity  of  the  cost  function  (naturally  associated  to  the 
equation  by  classical  Optimal  Stochastic  Control  Theory).  The  second  question 
is  related  to  the  study  of  spectral  properties  of  the  nonlinear  operator 
arising  in  Optimal  Stochastic  Control:  we  prove  that  the  nonlinearity 
produces  two  constants,  that  we  call  demi -eigenvalues,  which  play  the  same 
role  as  the  first  eigenvalue  of  a  linear  elliptic  operator  (namely  existence 
of  constant  sign  eigenfunctions,  uniqueness  properties,  bifurcation  analysis, 
etc .  ) . 


The  responsibility  for  the  wording  and  views  expressed  in  this  descriptive 
summary  lies  with  MRC,  and  not  with  the  author  of  this  report. 
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bIPURCA'iMUN  At.b  vPYIMmL  STOCHajT  1C  CONTROL 
P.  L.  LIONS* 

Introducti on : 

We  consider  nere  two  questions  concerning  biturcation  Theory  and  Optimal  stochastic 
Control. 

The  first  one  concerns  tne  interpretation  in  terms  of  Optimal  Stochastic  Control  of  a 
bifurcation  (in  semi  linear  second-order  elliptic  equations).  Let  us  give  a  typical 
example:  let  0  be  a  bounded,  connected,  smooth  domain  in  R^.  We  consider  nonnegative 

solutions  of 

(1)  -Au  +  Xup  «  Xu  in  0,  u  tf  C2(75),  u  >  0  in  Ot  u  =  0  on  30 

where  X  >  0,  p  >  1 . 

It  is  well-known  (see  for  example  P.  H.  Rabinowitz  143),  H.  Berestycki  [6],  P.  L. 
Lions  (37])  that,  if  we  denote  by  X^  the  first  eigenvalue  of  -A  (with  Dinehlet 
boundary  conditions),  we  have: 


i) 

for 

0 

<  X  < 

X^ ,  the  unique  solution  of  (1 )  is  u  =  0; 

ii) 

for 

X 

>  v 

there  exist  exactly  two  solutions  or  ()): 

0  and  u^  where  u^(x)  >  0 

in 

0. 

In  other  words,  at  X  =  Xf(  there  is  bifurcation  of  the  curve  (X,u^)  from  the  trivial 
branch  ot  solutions  (X,0)  (this  is  by  the  way  an  immediate  consequence  of  the  general 
result  concerning  bifurcation  from  a  simple  eigenvalue  -  see  M.  G.  Crandall  and  P.  H. 
Rabinowitz  [4] ). 

To  give  a  stochastic  interpretation  of  the  solutions  of  (1),  we  introduce  the 
following  Optimal  Stochastic  Control  problems: 

(2)  u*(x)  =  inf  Elf  x  X ( p—  1  )S(t,di)Pexp{Xt  _  X  /*  p£(s,u)P  'dsjdtl  , 

*  co«k0  0  0 
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T 

Uj(x)  *  inf  E[/  xX(p-1  )t(t,ui)Pexp{\t  -  X  pt(s,w)E 

*  {(•)«,  °  ° 


where  (U,  F,  F  ,  P)  denotes  a  probability  space  with  a  right-continuous  filtration  of 
complete  sub-o-algebras  of  F  -  and  E  denotes  the  expectation  -,  where  the  state  of 
the  system  is  given  by  the  process  x  +  Bt  where  B^/ZT  is  a  Brownian  motion  with  respect 
to  Ft,  where  C(t,<u)  fs  the  control  required  to  be  in  KQ,  which  are  detailed  below 
and  where  is  the  first  exit  time  of  x  +  Bt  from  0  (or  0).  Finally  Kq  (resp.  K1 ) 

is  the  set  of  bounded  progressively  measurable  processes  5  such  that:  0  <  t  a.e.  in 
R+  *  >1  (resp.  o  <  5  <  5  a.e.  in  R+*  ft.  for  some  6  >  0  depending  on  €). 

Remark :  These  optimal  stochastic  control  problems  are  explained  below  in  more  details. 

Let  us  point  out  for  the  moment  that  the  quantity  minimized  in  (2)  or  (3)  is  not 

1  2 

necessarily  finite  but  takes  its  values  in  (0,+**),  and  that  nevertheless  u^,  u^  are 
finite  for  every  x  S  D  and  for  every  X  >  0. 

Our  main  result  on  this  simple  example  states  that  we  have: 
l)  _lf_  0  <  X  <  X  ,  then  uj  =  =  0; 

y  2 

ii )  X  >  X  then  5  Uj  <  Uj  5  in  0  . 

Of  course  formally  (1)  is  the  Hamilton-Jacobv-Bellman  equation  associated  with  the  control 


problems  (2)  or  (3)  (see  W.  H.  Fleming  and  R.  Rishel  (20).  A.  Bensoussan  and  J.  L.  Lions 

15],  N.  V.  Krylov  (26)  for  a  general  presentation  of  Hamilton- Jacobi -Bellman, equations ) , 

1  2 

thus  ;t  is  natural  that  u^,  u^  are  solutions  of  (1).  A  more  interesting  phenomenon  is 
that,  since  K0  is  in  some  sense  the  closure  of  ,  when  the  bifurcation  occurs,  the 
coat  function  (that  is  the  quantity  minimized  in  (2)  or  (3))  becomes  highly  sensitive  on 
the  values  of  the  control  £ ( t , u ) . 


The  second  question  that  we  consider  below  is  concerned  with  the  existence  of 
analogues  of  eigenvalues  ano  eigenfunctions  for  the  nonlinear  operator  of  Hamilton-Jacobi- 


Be liman  equations  namely: 


A*  -  sup  <A .  g7 )  ,  for  ^  6  P(0) 

i>1  1 


wnere  A  =  -a1fl(xj  32  +  b*(x)  3  +  cX(x)^  ^  is  a  sequence  ot  uniformly  elliptic 

1  ^  t  K  t  K  K 

operators  with  smooth  coet t lcients.  We  denote  by  A  (A^)  the  tlrst  eigenvalue  of  the 

operator  A^  with  binchlet  boundary  conditions  (corresponding  to  a  unique  -  up  to  a 

multiplied ti ve  constant  -  positive  eigenfunction). 

We  introduce  here  two  constants  A^,  A^  such  that: 

1)  A  4  mt  A  (A  )  <  sup  A  (A  )  4  A 
■’  i>i  11  i>i  1  1  1 

l v )  _It_  X  <  X ( ,  and  it  ( t  ^ ( x  )  )  ?  ^  is  a  sequence  of  smooth  functions  then  there  exists 
a  unique  solution  u  fe'  w  f  ((})  of: 

(4)  sup  (A.u  -  f.)  »  Au  a.e.  in  0#  u  =  0  on  3 0  • 

l>1  1  1  ~  ~ 

Hi)  If  A  <  X  and  it  (t^(x))  ^  is  a  sequence  ot  nonnegative  smooth  junctions  then 

2  00 

there  exists  a  unique  nonnegative  solution  u  W  '  (0)  of  (4). 

2#°° 

iv)  There  exist  ^  t  W  (0)  satisfying : 

(5)  A-^1  =  sup  (A^^)  =  A^  a.e.  in  0,  ^  <  0  i_n  0#  ^  *  0  on  30 

i*1 

(6)  Af  =  sup  (A.^)  =  A^  a.e.  in  0,  ^  >  0  in  0,  ^  =  0  on  30  . 

v)  Let  (^,A)  fe'  W2,  (0)  x  R  satisfy : 

=  A ^  a.e.  in  O,  <fi  -  0  on  3 O  • 

If  <  0  then  A  ^  A ^  and  <f  »  0^  tor  some  9*0,  and  if  >  0  then.  A  =  A^  and 
^  =  9^  tor  some  9*0. 

From  this  list  of  results,  it  is  clear  that  A^,  A^  play  the  role  ot  eigenvalues  and 
we  call  them  demi -ei gen va lues  (in  particular  because  of  some  relation  with  a  result  of  H. 
berestycki  [7J  concerning  nonlinear  sturm-Liouville  problems). 

Let  us  also  give  a  simple  example  showing  the  relevance  of  A^,  for  bifurcation 

problems:  consider  the  equation 

(7)  Au  +  A|uJ^  ^u  =  Au  a.e.  in  0,  u  W2'  (0),  u  =  0  on  30  . 

_ 

In  everything  that  follows,  we  use  the  implicit  summation  convention. 
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We  prove  by  d  simple  application  ot  tne  above  results; 
l)  It'  A  <  A  ,  the  unique  solution  ot  (7)  l^  u  =  0  , 

ii)  It  Jt  <  \  <  X  ,  the  only  solutions  ot  (7)  with  constant  sign  are  u  $  0  and 

where  u^  is  a  negative  solution  of  (7). 

in)  _It^  A  >  X  ,  there  are  exactly  three  solutions  ot  (7)  with  a  constant  sign  namely; 

u  S  0,  u^  the  negative  solution  ot  (7)  and  u^  the  positive  solution  of  (7). 

Finally  let  us  mention  that  X ^ ,  Tl  have  very  natural  stochastic  interpretations  (in 
terms  of  Optimal  Stochastic  Control)  and  claims  i)  -  v)  above  extend  the  results  on  the 
solvability  of  Hamilton-Jacobi -Bellman  equations  obtained  by  P.  L.  Lions  (31),  L.  C,  Evans 
and  P.  L.  Lions  (17),  but  heavily  rely  on  these  works  (for  the  obtention  of  a  priori 
estimates ). 

Acknowledgement ;  The  author  would  like  to  thank  A.  Bensoussan  for  discussions  on  the  first 
question  treated  here. 

X.  Optimal  stochastic  control  problems  associated  with  bifurcations. 

1.1.  An  example: 

Let  0  be  a  bounded,  connected,  smooth  domain  in  RN,  Let  us  consider  the  following 
equation: 

(1)  -Au  +  Xu**  =  Au  in  0,  u  6  C^(0),  u  >  0  in  0,  u  =  0  on  SO  , 

where  X  >  0,  p  >  1 .  We  recall  that  for  A  <  A^  (•  A  (-A))  (1)  has  a  unique  solution 
u  =  0  and  that  for  X  >  A ^ ,  (1)  has  exactly  two  solutions:  u  i  0  and  u^  which  is  the 
unique  positive  solution  of  (1)  (see  for  example  H.  Berestycki  (6),  H.  Amann  and  T.  Laetsch 
13),  P.  H.  Rabinowitz  (42)). 

we  now  introduce  the  optimal  stochastic  control  problems  that  are  associated  with  (1). 
This  is  based  upon  the  remark  that  (1)  is  equivalent  to 

{sup  (-Au  +  A(p£P  1  -  1)u  -  A(p-1  KP)  =  0  in  0  ; 

OH 

u  >  0  in  0,  u  6  c2<0),  u  =  0  on  &0  • 
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indeed  remark  that  It  u  solves  (l),  then:  O  <  u  t  1  and  (l1)  follows  tron  t ' '  ‘ J  r.vexi  f,’ 
of  (£  •*  |£|P).  Next,  it  u  solves  (1*),  then  tne  supremum  is  obtained  at  each  pot.it  x 
of  0  tor  £  =  u(x)  and  this  yields  (1). 

Let  ((!,  F,  F  ,  P)  be  a  probability  space  with  a  right-continuous  filtration  of 
complete  sub -o -algebras  Ft  of  F  and  with  some  adapted  Brownian  motion 
B^.  We  set  B  =  fi  B^.  The  state  of  the  system  we  want  to  control  is  given  by  x  + 

(tor  x  =  "0).  Let  £  be  a  bounded  nonnegative  progressively  measurable  process  that  we 
will  call  the  control ,  tor  such  a  control  £  we  introduce  the  following  cost  function 
J(x,£>  6  (0,+*"]. 

(8)  J(x,£)  =  E(/  x  Mp->  )£P(t,w)exp{+  Xt  -  Xp  £p_1  (s,w)ds}dt  : 

where  f  is  the  tirst  exit  time  of  x  +  B„  from  0  (or  0)* 
x  t 

Next,  let  Kg  be  the  set  of  bounded  nonnegative  progressively  measurable  processes 
£  and  let  K1  be  the  subset  of  kq  consisting  of  processes  £  satisfying: 

£  <  t ,  <a )  >  6  a .  e .  i  n  R+  *  ft 
for  some  S  >  0  depending  eventually  on  £. 

Then  we  introduce  for  all  x  G  0 

(2)  u!(x)  =  inf  J(x,£i  , 

(3)  u?(x )  =  inf  J(x,£) 

£6K1 

Of  course,  u^  >  0  in  0,  u^  =  0  on  3  0(1  =  1,2)  and  in  view  of  the  heuristic  dynamic 
programming  principle  (see  (20)  for  example)  one  would  expect  that  u^  solve  (1)  (i  =  1,2) 
-  provided  these  functions  are  at  least  finite.  In  fact,  we  prove: 

Theorem  1.1: 

12  _ 

i)  0  <  X  <  X)t  then  u^(x)  =  u^(x)  =  f°r  all  x  W  0. 

]  2  _ 

ii )  _If_  X  >  X  ,  then  u^(x)  =  °<  ( x )  =  u  ^  ( x )  for  all  x  6  Q  (we  recall  that  is 

the  unique  positive  solution  ot  ( 1 ) . 
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Remark  1. 1 :  As  it  will  tie  clear  from  the  proof,  in  the  definition  of  we  may  replace 

K,  by 

<2  =  (5  6  kq,  va  >  0,a6  >  0  5(tA-r“<ui),w)  >  6  a.e.  in  R+  x  a} 

where  r“  is  the  first  exit  time  of  x  +  Bt  from  0°  =  (x  G  0,  dist(x,3C?)  >  a}. 

We  will  give  after  the  proof  of  Theorem  1.1  a  few  remarks  on  the  existence  of  optimal 
Markovian  controls  tor  (3)  (0  is  an  optimal  control  tor  (2))  and  on  the  Cauchy  problem 
associated  with  (1). 

Proof  of  Theorem  1.1:  Since  J(x,0)  =  0,  it  is  clear  that  uj^  =  0,  VX  >  0.  Now,  to  prove 

2 

1)  we  need  to  prove  that  5  0  it  X  <  X  .  We  recall  first  the  well-known  stochastic 
characterization  of  X^  (see  for  more  general  results  P.  L.  Lions  (32]). 

Lemma  1.1:  The  first  eigenvalue  X ^  is  given  by: 

Xt 

Xi  =  sup(X  >  0,  sup  E(e  X]  <  +**)  . 

x6(7 

Now,  if  we  take  the  constant  control  5(t,u)  =  e  >  0,  we  have: 

J(x.c)  »  X(p-l)ep  E  jQx  explXt  (1  -  pEp-1))dt 
and  tor  e  small  enough,  we  find: 


J(x,£)  -  <P~’  E(exp(X(1  -  pep  1  ) T  )  —  1 )  • 

1-pcp  x 

Now,  in  view  of  Lemma  1.1,  if  X  <  X1  the  expectation  is  bounded  independently  of  e  and 
we  conclude  since: 

0  <  u?(x)  <  J(x,t)  — ►  0  . 

£♦0 


0  4  LKU)  4  J(X,C)  4  cs^lv  » 


4  ce 


L  (0) 


Lemma  1.2:  Let  v  be  the  solution  ot  (<J);  as  a  yoes  to  0f  then  av_  ronveryes  i n 

•• — - - — —  ■—  ■  ii  —  "  1 1  — - — — ot  - "  1 

C^v£)  to  where  is  the  normalized  eigenfunction  associated  with  X^  : 

A*l  =  »,*,  in  0.  *,  «  e2(0).  v',  >  o  in  0,  *,  =  0  on  3(7 


lv  S 

’  l2( 0) 


-  I  , 


and  where  9  is  given  by:  3  =  ^ —  J  ,  ^,dx 

-  -  a  j  (7  1 


Proot  ot  Lemma  1.2:  If  we  denote  by  w  =  av  ,  we  have 
-  a  a 


-Aw  =  a  +  X  (l-a)w  in  0,  w  >0  in  C,  w  G  C^(0),  w  *  0  on  30  . 

Qt  I  0L  (1  01  (1 

Multiplying  this  equation  by  ^  and  inteqratinq  by  parts  over  0,  we  find: 

X.  '0  Vi  dx  =  a  Vx  +  V1"®*  to  Vidx 

or 
(10) 


X1  'o  Vidx  ■  h  v‘  idx 


This  proves  in  particular  that  w  is  bounded  in  l!  (0)  and  more  precisely  we  have: 

a  toe 

/ q  w^d^dx  4  C  (indep.  of  a).  We  may  now  (tor  example)  apply  the  method  of  H.  Brezis  and 
R.  E.  L.  Turner  (101  to  obtain 

lw  I  4  C  (indep.  ot  a) 

a  oo  1 

L  (0) 

and  by  L^1  and  Schauder  estimates  this  yields 

lw  I  4  C  ( 0  <  B  <  1  ) 

“  c2'6(o) 


Now  if  converges  in  C  (Q)  to  some  w,  obviously 


-Aw  =  X^w  in  0,  w  >  0  in  Q,  w  =  0  on  30,  w  G  C  (£)) 
and  trom  (10)  we  deduce  X^  Jq  w«^dx  =  Jq  ^dx  .  Therefore  w  =  9^  and 

0  ■  it  h  Vx- 

Vue  next  turn  to  the  proof  ot  n):  we  first  prove  that  we  have 

u^(x)  <  u^(x)  =  inf  J(x,S) 

C«K1 
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Indeed  let  £  b  K  be  such  tnat  J(x,£)  <  +®  (x  is  r  1  :<~ri  in  C).  beca  .  -  of 
detinition  ot  K^,  trus  implies: 


/;  t[l(T  >t  exp{Xt  -  Xp  ’  (s,u>)ds}  Ht  < 

X 


Therefore  there  exists  t  — *  +*  such  that: 

n  n 


SM  (T  ^expUt  -  Ap  /Qn  £P  1(s,u))ds}]  0 


We  now  apply  Ito’s  formula  to  u^(x  +  B^Jexp{At  -  Ap  £p  (s,w)ds)  between 


T  At,  and  we  obtain 
x  n 


T  At  -1 

u  ( x )  =  E[u.  (x  +  B  ,  iexplXT  At  -  Xp  Jx  n  ( s , u)ds } 

A  A  T  At  x  n  0 


T  At 

E[/0X  n  (Xp  eP‘  (t,u)ux(x  +  Bt)  -  X  up(x  +  Bt)) 


•  exptXt  -  Xp  /P  Cp  '(s,u)ds}dt] 

But:  p  tP-,u^  -  up  <  (p-1 )£P,  and  we  deduce 

T  At  1 

uA(x)  <  J(x,5)  +  Elu^tx  +  bt  At  )exp(Xtx  A  tn  -  Xp  /Qx  n  £P_  Isolds)) 

X  n 

But  the  second  term  may  be  bounded  by 

luA>  m  E(1  >t  )  exP(^tn  "  I  o'  '  (s,ui)ds )  ] 

L  ( 0)  '  x  n 


and  this  goes 

to  0  as  n  goes 

to 

Now,  for 

o  small  enough, 

there 

exists 

a 

solution 

of 

-4uA  +  X(uA)P  = 

Xux 

in 

oa, 

u°  >  0  in  0 

a  a 

•  ux  = 

(indeed  the  first  eigenvalue  of 

-4 

in 

oa 

converges  to 

Xl  as 

addition  it  is  easy  to  show  that,  extending  u^  to  0  by  0,  we  have: 


UX  ^0  UX  ln  C(0) 


But  the  above  proof  shows  that 


u.(x)  <  inf  J  (x,£)  ,  Vx  6  0 


and 


.  In 


-t*- 


a 

r  , 

..fit-rt;  J  ( x ,  •  • )  =  c.  [  J  X  (  p—  \  )  £  ^  ( t  •  u) ) » •  x  j-  l  X  t  -  X  p  #  , 1  (  ^  ,  -o )  j  s:  ) . '  t.  j  .  i<c  *  1 1  %  «■  • 

-  a 

*,  ( t  a  t  {u>),a>)  h  K  and  we  aenuce  tron  tr.e  a  Dove  ty; 

x  1 

a 

u^(x)  *  El/  x  X  ( |>-l  )£*'  1 1 ,  ja)exp(  Xt  -  Xp  ;  ^  ( s ,  uMa.s  ior  ] 

<  J{x,£)  *  4** 

tor  all  x  v-  0  »  on  the  other  hand  it  x  ^  0^,  this  inequality  is  trivially  true, 
tdKmq  a  ♦  0,  we  obtain: 


(U  ) 


u .  ( x  )  *  i  n  t 
A  CfeK 


2 


J  ( X  ,  C)  . 


Vie  now  prove  tnat: 

(12)  u,(x)  *  *J(x,£  )  =  inf  J(x,&) 

X  x 

teK, 

where  C  (t,w)  *  u.(x  +  B  ). 
x  1  tAT 

x 

We  first  remark  that  X  (-A  -  X  +  Xpu^  )  >  0.  Indeed  from  the  equation  (1),  we 
ueauce : 

X  ^  (  -6  -  X  +  Xu^  '  )  =  0 

and  this  yields  the  above  inequality  in  view  of  well-known  comparison  principles  for 
eiqenvalues.  But  this  implies  (by  an  extension  of  Lemma  1.1  which  can  be  founc  for  example 
in  (321) 

©at 

(13)  sup  - *  E[exp(60At  +  X6 at  -  Xp  f  x  u^  '(x  +  B  Ids))  <  “ 

XX  0  A  S 

xttiC 

9  stopping  time 
tor  some  <5  >  0. 

Thus,  applying  Ito's  formula  to  u.(x  +  B  )exp(Xt  -  Xp  /*"  ^ds )  between  0  and 

At  OX 

TAT,  we  find: 
x 


I  at 

u^(x)  -  fc  /^X  X(p-l)^^  exp{Xt  -  Xp  1  ds)  ♦ 

i  t(uv(x  +  «T>1(T<T  ,  exp(XT  -  Xp  /*  ds} i  . 

X 


Therefore 


i 

0  <  J(x,£x)  -  u^(x)  <  C  E  /TXAT  exp( At  -  Ap  /*  C^*'ds)dt  + 

x 

+  C  El1(T<T  )  explVr  •  XP  /q  5^"'ds}) 


and  the  first  term  may  be  founded  by: 


°  JT  Ml(r  >t)  eXP(U  ' 

X 

Ap  f  £p-’ 

J  0  x 

ds  )  ]dt  <  C 

rTe 

-5t 

dt  m 

while  the  second  term  is 

bounded  by 

-St 

C  e 

Letting  T  ♦  m  we 

tind:  u^(x) 

=  J(x,£  ) 

X 

t 

Vx  6  o. 

Now  to  obtain  (12)# 

we  argue  as 

follows: 

let 

a  >  0# 

S  (t,w)  = 

£  (t,u») 

X 

if 

t  <  Ta 
X 

= 

if 

t  >  Ta 

X 

Obviously  £  6  K1  ,  now  by  similar  computations  as  above  we  show: 

0  <  J(x,£a)  -  u^(x)  <  E[/  x  C  expl At  -  Ap  /g(£a)P"’1ds  )dt) 

T  AT 
X 

And  this  last  term  nay  be  bounded  by: 

T° 

C  El(T  -  f“)explAx“  -  Ap  /Qx  £P_1  ds)]  + 


+  C  E[ 1  /  x  exp(At  -  Ap  /*"  £p  '  ds)dt]  . 

(T<Ta)  T  X 

X 

But  we  estimate  the  tirst  term  by 

a 

c  E[|Tx  -  Txiq,|1/CI'  Etexp(Aqf“  -  Apq  J*  £P'’  ds))Vq 


q'  =  and  q  C  (1,  +*)  is  determined  such  that: 

T<x 

E(exp(Aq  -  Apq  /QX  £p  1  ds ) )  <  C  (ind.  of  x,  a)  , 


(13)) 
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At 

this  is  jossible  because  ot  (13),  choosing  q  -  1  small  enough.  Now  since  Efe  X  ]  <  00 
tor  A  <  A 


Next,  we  estimate  the  second  term  by: 

T 

c  tl1(v«T  )  ^ 'pX  exp(Xt  -  XP  /o  ^‘'^(dt]  <  <  C  1^  E[1(t  expUt  -  Xp  ?p-,ds )  ]dt 
x  X 


a no  since 


a 

T  (u>) 


T  (uj);  we  see  that: 


Ta,q* 1 1/q' 


0. 


,  c  -<St  , 

*  -j-  e  (in  view  ot  (13)) 

And  we  have  shown:  lim  J(x,£  )  -  u.(x).  This  proves  (12)  and  completes  the  proof  of 
a*0  A 

Theorem  I • 1 • 

Actually,  we  proved  more  than  Theorem  1.1,  namely  we  prove  the 

Corollary  1.1:  If  A  >  A  ^ ,  then  we  have: 

u»  (x)  =  inf  J(x,5)  «  mf  J(x,C)  =  J(x,S  ) 

56K)  ?6K2  X 


where  is  the  optimal  control  given  by:  =  u^(x  + 

Remark.  1.2:  A  feedback  control  like  is  called  a  Markovian  control;  thus  we  proved  the 

existence  ot  an  optimal  Markovian  control. 

Remark  1.3:  We  would  like  to  make  a  few  comments  on  the  Cauchy  problem  associated  with  (1) 
namely: 


(14) 


-Au  +  AuP  =  Au  in  0x(O,+°°),  u  £  C2 (Qx(0,  ¥») ) 
u(x,0)  -  u^(x )  in  (T,  u  6  C(0x{O,  +«)  ) ,  u  =  0  on  30x[  0,+*) 


where  C^(0)  =  {v  <3  C(  0) ,  v  =  0  on  30}  and  u^  *  0.  It  is  well-known  that  there 

exists  a  unique  solution  of  (14)  and  it  is  a  simple  exercise  on  Ito's  formula  to  check  that 
we  have :  Vx  ^  Q,  Vt  >  0 

u(x,t)  =  inf  [J(x,t,0  +  E[u  (x  +  B  )1  exp(Xt  -  Xp  f*  tP" ' ( s , u»ds  ) )  ) 

f  w  t  1  t  <  T  )  0 

SfeK0  x 


where  J(x,t,0  *  ElJ0*  X ( p- 1 )5[ exp ( Xs  -  Xp  /®  £P_'do)ds).  Now,  it  X  >  Xl  and  it 

uA(x)  in  C2(0) 


u0  t  0 


then  it  is  well-known  (see  for  example  (bl)  that  u(x,t) 


(nr  K.,) 


Therefore,  in  view  '  j  r  Theorem  1.1,  it  it  K(),  C  ^  K1 

lirc  fc(u  <x  +  hit  exp(At  -  X|>  I*"  £'  f  s  )ils )  )  +  J(x,£)  *  :,!x) 

.*  ~  U  t  1  T  J  U  A 

t*4*  X 

(indeed/  formally,  this  is  the  c.ise  when  £  vanishes  "a  lot"  and  m  this  case  the  term 
fc l exp (At  -  Ap  * (s)ds)]  becomes  larqe. 

KemarK  1.4:  Everything  we  said  in  this  section  remains  trivially  valid  it  we  replace  -A 
by  a  general  uniformly  elliptic  second -order  operator 

A  =  -a^(x)3^  +  bi(x)3i  +  c(x) 

where  a  t  c(0),  to  ,  c  6  L  (0)  and  c  >  0,  £  a  (x)4  4  >  v|£|2  Vx  6  7\  Vt  C  RN  tor 
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some  v  >  0.  Then  we  just  have  to  replace  x  +  fat  by  the  diffusion  process  associated 

with  A.  We  can  treat  as  well  Neumann  boundary  conditions  or  even  more  general  ones  as 

tj—  +  y(x)u  =  0  on  3  0,  where  Y  6  <J  (30),  n  is  the  unit  outward  normal  to  3 
an  ♦ 

at  the  point  x  of  3 0. 

1.2  Interpretation  of  solutions  of  semilinear  elliptic  equations. 

Our  goals  in  this  section  are  first  to  extend  the  results  of  the  previous  section  and 
second  to  give  a  stochastic  interpretation  of  some  solutions  of  semilinear  elliptic 
equations.  but  as  we  will  speak  here  only  of  optimal  stochastic  control  problems  and  not 
of  differential  games  problems,  the  only  nonlinean  ties  which  we  can  treat  here  are  either 
convex  of  concave  (we  hope  to  come  back  on  this  point  in  a  future  study).  To  simplify  we 


will  look 

for  solutions  of  the  following  three  types  of 

equations : 

(15) 

2  _ 

-Au  +■  Xf(u)  =  Xu  in  0>  u  S  C  (0),  u  >  0 

in  0  <  u  =  0 

on  3  Q, 

where  A 

>  0,  t(0)  =  f*(0)  *=  (j,  t  c\r),  f  is  strictly  convex  and 

lim  f  ■■ 

<  16) 

-Au  »  Xf(u)  in  0,  u  S  C2(7),  u  >  0 

in  0,  u  =  0 

t**00 

on  30 

where  A 

>  0,  f(0)  >  0,  t  t  c'(R)  and  £  satisfies 

-  either 

£  is  concave  and  lim  £(t)t_1  <  0 

t*e» 

-or  t 

is  convex. 
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Tilt*  tirst  case  (equation  (15))  is  very  similar  to  the  case  treated  ir.  tne  j  r  - :l*  :  q 
section*  It  is  Known  (see  [6|,  (3))  that  tor  \  tne  only  solution  or  (15)  :s 

u  =  0,  wmle  tor  A  >  \  ^ ,  there  are  exactly  two  solutions  0  and  ot  (15)  and  u^ 

is  the  unique  positive  solution  or  (15). 

With  the  same  notations  as  in  the  precedinq  section,  we  introduce:  fe' 

J(x,£)  =  t'[/0X  X{f  1  (£(  t,u>)  )£  ( t,w)  -  I  ( £(  t,w) ) }  exp{  Xt  -  X  /*  £  1  ( £  (x ,  to)  )d  t ) 


since  t'(t)  -  £(t)t  >  0  tor  t  *  0,  we  see  that:  0  <  J(x,£)  <  +*. 

Exactly  as  m  the  precedinq  section,  we  find: 

Theorem  1.2:  It  f  G  C1  (R),  f  (  0)  =  f ' ( 0)  =  0,  t  is  strictly  convex  and  lim  — =  +°* 
~  t  ■*■*■*• 

then  we  have: 
i)  If.  0  <  X  <  X,. 

inf  J(x,£)  =  inf  J(x,£)  =  0,  Vx  G  Q  . 

C6K1  £GKq 

ii)  If  X  >  X^. 


inf  J(x,£) 


0,  Vx  6  11 


inf  J(x,£)  =  inf  J(x,£>  =  u,(x)  =  J(x,£  ) ,  Vx  G  0 
£gk2  £GKt 


where  £^  is  the  optimal  control  given  by:  £^(t,u>)  =  u(x  +  B^tu)). 

We  skip  the  proof  of  this  result  since  it  is  absolutely  identical  to  the  proof  of 
Theorem  1.1.  Let  us  also  mention  that  Remarks  1.2-4  are  still  valid  here. 

We  now  turn  to  the  case  of  (16)  when  f  is  assumed  to  satisfy: 

X 

(17)  f  6  c'(R),  f ( 0)  >  0,  f  is  concave  and  lim  f(t)t-'  <  -j— ■  . 

t++“ 

Tnen  it  is  well-known  (see  H.  Berestycki  (6),  P.  L.  Lions  [37],  H.  Amann  and  T.  Laotsch 


[3])  that  (16),  in  this  case,  has  a  unique  solution  u  (whi  ih  is  positive  in  (?).  We 
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denote  by  y(t)=t(t)-£(0)  and  by  b(t)  =  g(t)  -  we  keep  the  notations  of 

section  1.1  and  we  introduce  tor  C  the  following  cost  function: 

t 

J(x,5)  =  E(/0X  ( Af  ( 0)  +  Xh(£(t,w)))expU  f  •  (f(s,w|  )ds}dt]  ; 

then  by  a  proot  identical  to  the  proof  of  Theorem  1.1  (even  simpler)  one  finds: 

Theorem  1.3:  Under  assumption  (17),  we  ha ve : 

u(x)  =  inf  J(x,{)  =  J!x,C  ),  Vx  G  0  i 
^ 0 

where  5^  is  the  optimal  control  defined  by:  =  u(x  +  B^(w)). 

Let  us  also  mention  that  analogues  of  Remarks  1.2-4  ate  still  valid  here, 
we  finally  consider  the  case  of  (16)  when  f  is  assumed  to  satisfy: 

(18)  t  6  c'(R),  f(0)  >  0,  f ‘ (0)  >  0,  f  is  convex 

Then  it  is  well-known  (see  M.  G.  Crandall  and  P.  H.  Rabinowitz  [12],  1.  M.  Guelfand  (23), 

D.  D.  Joseph  and  T.  S.  Lundgren  (24[,  C.  Bandle  (4i,  F.  Mignot  and  J.  P.  Puel  [39],  P.  L. 
Lions  [37])  that  there  exists  a  constant  X  e  (0,+“)  such  that: 

i)  If  X  <  X,  then  (16)  has  a  minimum  positive  solution  u^.  In  addition,  we  have: 

(19)  X^-A  -  Xf'(ux))  >  0  : 

ii)  If  X  >  X,  then  (16)  has  no  solution; 

iii )  If  X  <  ",  X  =  X  and  if  (16)  has  a  solution,  then  (16)  has  a  unique  positive 

solution  u  .  In  addition  we  have: 

X  _ 

(20)  X  ( -A  -  Xt ' (u  ) )  =  0,  u  «  lim  u.  . 

1  X  X  x+X  * 

In  addition,  m  (121,  [391  sufficient  conditions  are  given  insuring  that  X  <  «  and  that 
(1b)  has  a  solution  for  X  =  X.  Finally  let  us  mention  that  in  [12)  and  in  D.  G. 
deFigueiredo,  R.  D.  Nussbaum  and  P.  L.  Lions  118],  [191,  various  conditions  on  f  are 
given  insuring  the  existence,  for  X  <  X,  of  a  solution  different  from  u^.  Nevertheless, 
is  the  only  "stable"  solution  of  (1b)  (the  precise  meaning  of  the  stability  is 
explained  in  H.  Fujita  [21],  P.  L.  Lions  [35],  [36]). 

We  keep  the  notations  of  the  preceding  section  and  we  consider  again  the  set  Kp  of 
bounded  progressively  measurable  processes  5  such  that: 


5(t,w)  >  0  a.e.  in  R  «  a  . 

♦ 

But ,  nere  in  order  to  he  able  to  define  the  cost  function  we  have  to  restrict  our  controls 
£  to  tne  set  (depending  on  x): 

I 

K*  =  U  «  Kq,  t(/0X  exp{ Xt • (£(s,w) )ds)dt)  <  “}  . 

Then  we  define  the  cost  function  J(x,£)  for  £  G  KX: 

T 

j(x,£)  =  E[/ox  X{f(£(t,w))  -  t ' (C(t,u) )5(t,u) }exp{/^  Xf 1 (£(s,u))ds}dt) 

obviously  J(x,€)  is  well  defined  since  £  is  bounded  (£  6  K^).  finally,  we  look  for 

u(x)  *  sup  J(x,£)  » 

_  x 

5gk0 

We  have: 

Theorem  1.4:  Under  assumption  (10)  and  it  X  <  X ,  then  we  have: 

u.(x)  =  u(x)  =  sup  J(x,£>  =  J(x,S  ),  Vx  6  0 

K 

where  (  is  the  optimal  control  {in  KX)  defined  by:  £  (t,u)  =  u,(x  +  In 

■  ■  ■  X  1  "  —  *  — 1  ~  “  1 — 1  -  1  — -  U  -  X  AC  " 

addition  if  X  <  ”,  and  if  (16)  has  a  solution  for  X  =  X  then  we  have: 

u  (x)  =  u(x)  =  sup  J(x,£)  =  lim  J(x,£*),  Vx  G  0 
X  £GKX  XfX 

X  x  A  , 

where  C  is  the  control  (in  K.J  defined  by:  £  (t,u>)  =  u^(x  +  B  {<»>)). 

-  x  - -  0  -  x  At 

we  see  that  if  A  <  X,  £  is  an  optimal  Markovian  control,  while  for  A  =  A  (if  (16) 
x 

has  a  solution)  then  define  the  so-called  e-optimal  Markovian  control.  Let  us  also 

x 

mention  that  analogues  of  Remarks  1.2-4  hold  here, 

_  x 

Proof  of  Theorem  1.4:  We  first  show  that:  u^(x)  *  u(x),  Vx  G  O.  Indeed  let  £  G  K^, 
just  as  in  the  proof  of  Theorem  1.1,  there  exists  t  ♦  “  such  that: 

t 

Efl  >t  expljj'  Xt'(C(s,«!)ds})  *  0  . 

'  x  n  n»“ 

Now,  applying  Ito's  formula  to  u^(x  +  Bt)exp(/g  Xf'(C)ds)  between  0  and  a  tn>  we 

t  ind : 


-\b- 
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II.  lteiui -eigenvalues  tor  the  Ham  iron- J.iconi -be i  l^an  operator. 

I I . 1 .  Notations  and  assumptions. 

Let  ()  be  a  bounded#  connected#  smooth  domain  in  R*J.  Let  be  u  se«j of 

uniformly  elliptic  second-order  curators: 


\  -  -aki(x)3ki ♦  bku)3k  +  cl(x) 


,  1  i  i 

where  a^,  c  satisfy: 


(2D  supUa^  I  +  *bb  ♦  'cl,2-  }<“  » 

l>i  W  '  (0)  W  '  (0)  M  t(J) 

k,4 

(22)  3  V  >  0,  Vi  >  1 ,  Vx  t>  0/  VC  6  RN:  ak4(x)^£'^l  *  v^|2  • 

We  will  be  concerned  with  the  following  type  of  equations: 

(23)  sup  {a.u  -  f  }  =  0  a.e.  in  0,  u  6  W^'  ( 0)  »  u  *  0  on  3(?  ; 

i>i 

where  ( f A )  are  given  functions  satisfying: 

( 24)  sup  If .  I  ,  „  <  *■“  • 

i>i  »  <<?> 

This  problem  arises  in  connection  with  the  general  problem  of  Optimal  Control  of 

solutions  of  stochastic  differential  equations  via  the  argument  of  Dynamic  Programming: 

these  equations  are  known  as  Hamilton- Jacobi -Be liman  equations. 

Let  us  briefly  describe  the  associated  Optimal  Stochastic  Control  problem:  we  define 

an  admissible  system  A  as  the  collection  of  i)  a  probability  space  (£1,  F,  F  ,  P)  with  a 

right  continuous  filtration  of  complete  sub  o-algebras  F  of  F,  ii)  a  Brownian  motion 

Bt  adapted  to  F^,  ili)  a  bounded  progressively  measurable  process  i(t,w)  with  values 

in  M*,  iv)  a  family  (y  ( t ) )  _  of  solutions  of  the  equation: 

X  x«0 

f  dy  (t)  =  01<t:*(y  ( t )  )dB  -  bi*t*(y  (t))dt,  t  >  0 

/  X  X  t  X 


where  o1(x)  =  /2  (a*(x))  ^  (tor  example).  For  each  admissible  system  A,  we  intine  a 
cost  function  J(x#A) 


J < x # A )  =  E  /0X  fl(t)(yx<t))expt-/Q  cl(s)(yx(s))ds)jt 


we  minimize 


p 


where  is  the  first  exit  time  from  U  of  the  process  (yx(t)).  Finally, 

J( x , A)  overall  admissible  systems  A: 

(26)  u(x)  =  inf  J( x i A )  . 

A 

Let  us  recall  briefly  a  few  Known  results:  1)  If  c1(x)  >  0  (Vx  S  0,  Vl  >  1)  and  if 

2, 09 

there  exists  u  fa’  w  ( 0)  solution  of  (23)  then  u  is  given  by  (26)  (and  in  addition  one 

can  define  ^-optimal  Markovian  controls);  2)  If  c1(x)  >  0  and  u  given  by  (26)  belongs 

to  w (0)  then  u  solves  (23)  -  for  the  proofs  of  these  two  facts,  see  N.  V.  Krylov 
[26],  M.  Nisio  [40],  A.  Bensoussan  and  J.  L.  Lions  (5);  3)  If  ci(x)  >  0,  then  there 
exists  u  S  W  '  ( 0)  solution  of  (23)  and  thus  u  is  given  by  (26)  -  see  P.  L.  Lions  [31 l, 
L.  C.  Evans  and  P.  L.  Lions  [17]  for  the  proof  of  this  result;  in  N.  V.  Krylov  (25),  H. 
Brezis  and  L.  C.  Evans  (91,  P.  L.  1 .or-  (29),  L.  C.  Evans  and  A.  Friedman  (16),  P.  L.  Lions 
and  J.  L.  Menaldi  (38)  some  previous  results  concerning  the  solution  of  (23)  were 
obtained.  Finally  let  us  imr:  on  tha"  the  most  general  results  concerning  the  solution  of 
(23)  are  given  in  P.  L.  Lions  ’701,  [33),  (341  -  including  the  case  when  the  operators 
Al  degenerate. 

Remark  il.  1;  In  these  references,  sometimes,  instead  of  "control”  processes  i(t, ui)  with 
values  in  ■*,  are  tLken  controls  v(t,ui)  with  values  in  a  closed  set  of  H?"  (for 
example).  In  this  case  the  only  additional  assumption  is  that  a(x,v),  b(x,v),  c(x,v), 
f(x,v)  are  continuous  with  respect  to  v  and  everything  we  say  below  remains  valid  in 

this  case  (remark  that  by  taking  a  dense  family  in  v'  one  can  re<iuce  this  case 

to  the  preceding  one). 

Before  concluding  this  section,  we  want  to  mention  the  method  of  proof  used  in  (31), 
(17)  in  order  to  solve  (23):  one  considers  the  following  penalized  system  (for  each 
m  >  1  fixed): 
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(25) 


A  u'  +  t»  (u!  -  O  =  t  in  0,  u*  fei  C2(0).  u’  = 

1  L  ^  t  b  1  ^  C 


0  on  3  0 


A  u^  +  8  (u^  -  uf)  *  t  in  0#  U1  ®  C2(0),  =  0  on  30 


2  e  e  e 


A  um  +  3  (u*"  -  u ' )  =  £  in  t\  u"|  fe'  C^(())f  u1"  =  0  on  30  ; 


me  e  e 


where  8£(t)  =  ~  8(t),  8  G  C°°(R),  8(t)  =0  if  t  <C  0,  8’(t)  >0  if  t  >  0,  8M(t)  >  0 
if  t  >  0. 

In  131],  (17);  it  is  proved  that  it  c1  >  0  (Vi  >  1 )  and  if  we  assume  (21),  (22), 
<  C  (indep.  of  m  and  of  e);  and,  as  €  goes  to  0, 


(24)  then:  Uull 

£  w2'a<o) 


l  2 

u  -*•  u  G  W  (  0)  which  is  the  solution  of 

£  , *  m 

C  t  0>  2a. 

(23-m)  sup  (A  u  -  f  )  =  0  a.e.  in  Q,  u  6  w  '  IQ),  u  =  0  on  30 

.  .  s  l  m  l  m  m 

14i<m 

2  ,<* 

Since,  um  is  bounded  in  W  (  Q) ,  takinq  m  ♦  one  obtains  the  solution  u  =  lim  u 

m 

ot  (23). 

Remark  1 1. 2;  Hut,  an  easy  examination  ot  the  proof  ot  [31),  [17)  shows  that  if  for  C 
small  enough  there  exist  (u*)^  ^  solution  of  (25),  if  lu*l  «,  <  C  (indep.  of 


L  (0) 


e,  i,  m)  and  it  we  assume  (21),  (22)  and 
^  sup  If .  »  m  <  • 

1>1  1  w  '  (  0) 


(24*  ) 


ac  >  o,  vx  «  R  |xl  =  i  - 


If 


ax' 


«  c  in  PMO)  (Vi  >  1)  , 


then  we  have:  lu  I 

c  W 2'“(0) 


<  C  (indep.  of  e,  1,  m)  and  we  obtain  in  this  case,  as  in 
(31),  117],  a  solution  of  (23-m)  for  all  m  and  a  solution  of  (23).  We  will  use  this 
remark  many  times  in  what  follows. 
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Remark  11.3:  In  L.  C.  Evans  [14),  [15),  it  is  proven  tnat  it  (21),  (22)  ana  (24)  ire 


satisfied  then  any  solution  u  ot  (23)  satisfies:  u  t  C2,a(0)  for  sone  .  a  <  1 
(depending  only  on  and  the  bounds  in  (21),  (22)  and  (24)). 

In  what  follows,  we  show  in  section  11.2  that  roughly  speaking,  if  (23)  possesses  a 
pair  of  ordered  sub  and  supersolutions,  then  there  exists  a  solution  of  (23)  between  these 
two  functions.  This  auxiliary  result  will  be  one  of  the  key  ingredient  which  enables  us  to 
prove  in  section  II. 3  the  existence  of  demi -eigen values  such  as  indicated  in  the 
Introduction.  Finally  in  section  II. 4,  we  present  various  applications  and  comments  on 
these  demi-eigenvalues. 


II. 2  An  auxiliary  result: 

Let  f, (xit)  be  given  functions  on  0  x  R  satisfying: 

(26)  sup  If  (x,t)l  m  <  +»  ,  VR  <  °*  ; 

i>1  W2'  (Ox  Br) 


where  Br  =  ({  «  R,  |£|  <  r)  . 

We  will  study  in  this  section  the  equation: 


(23-) 


sup  (a  u(x)  -  f  (x, u ( x  ) )  }  »  0  a.e.  in  0 
i>1  1  1 


u  6  W2'"(0),  u  -  0  on  30  . 


We  will  assume  that  there  exist  u,  u  respectively  subsolution  and  supersolution  of 
(23*)  that  is  satisfying: 

sup  { A . u ( x )  -  f.(x,u(x))}  <  0  a.e.  in  0 

i>)  1 

sup  (a/u(x)  -  f  (x.u’tx))}  >  0  a.e.  in  0 

(2/1  i>i  1  1 

u,  u  <£  W2'  (0),  U  4  o  <  u  on  30,  u  4  u  m  ?  . 


Then  we  have  the 

Theorem  II.  1:  Under  assuptlons  (21  ),  (22),  (26)  and  if  there  exist  u,  'u  satisfying  (27); 
then  tnere  exists  u  solution  ot  ( 2 3 1 )  which  satisfies  in  addition  u  4  u  4  U  i n  f. 
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This  result  will  f*;  vt-ry  useful  in  tne  tollcwmg  sections  and  or  course  is  in 

oxt^iision  ot  the  we  11 -Known  result  cor  r«*si<on n  n*i  to  the  rcise  a  *  A(Vi>l),  t  =  r  (Vi*1  j 

l  1 

(see  h.  amann  (1|f  (2|  tor  this  special  case). 

Hr  oof  ot  Theorem  ll«l:  We  first  make  some  preliminary  suns  ti  tutions :  there  exists  K  >  a 

such  that:  c1(x)  ♦  K  >  1  m  0(Vi)  and  tL(x«t)  +  Kt  is  increasing  for  t  6 

(where  C«  is  some  fixed  constant  larger  than  max  (  *u8  m  ,  Bui  m  ).  >ve  will  denote  by 

„  L  (O)  L  (0) 

t  (x#t)  the  functions  defined  by: 

»  f  (X,t  A  u(x))  +  K(t  A  U(x))  ; 

and  we  denote  by  the  operator: 

\  =  -\i<X)3kl  +  bK<X)\  +  lcl(X)  +  K>  • 

We  first  claim  that  it  is  enough  to  show  the  existence  ot  u  satisfying: 


( 23-  ) 


sup{A  u(x)  -  f  (x,u(x))}  -  0  a.e.  in  0 

i>1  1  1 


u  6  w2'  (0),  u  =  0  on  30,  u  >  u  in  0  • 


indeeu  if  this  is  the  case,  remarking  that  we  have: 


£i<x,u(x))  <•  f  (x,u(x))  +  Ku(x)  in  0 


we  deduce  from  the  definition  ot  u: 


suplA  u(x )  -  t  (x,u(x))}  >  o  a.e.  in  0 

i>1  1  1 


u  G  w  ^ '  (0),  u  >  0  on  30  . 


and  we  conclude:  u  <  u  in  0i  from  the  following  lemma: 

Lemma  X 1 . 1 :  We  assume  (21),  (22)  and  let  (f^ )j>j (9^ ^i>l  ^  t wo  c^guences  ot  functions 
satistying: 

supUf.  •  „  +  lg;  I  }  <  »;  f-  >  g.  a.e.  in  0,  Vi  >  1  . 

l>1  L  (0)  L  (0) 

2  00 

We  assume  there  exist  u,  v  G  W  '  (0)  satistying 

sup (A  u  -  t  )  *  a.e.  in  0,  sup(A  v  -  g  )  <  o  a.e.  in  C 
i>l  1  1  i>1  1  1  - 

u  >  v  on  9  c1  • 
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i)  IX  u  >  v  in  0,  then  either  u  =  v  in  0  or  u(x)  >  v(x)  XU  0  and 

3u  3v  ~  A 

V  <  *5“  on  ov  (n  denotes  the  unit  outward  normal), 
on  on  —  - - 

ii)  If.  chx)  >  0  (Vi  >  1,  Vx  e  0)  then;  u  >  v  in  O. 

(The  proof  of  this  Lemma  will  be  given  later  on.) 

Next,  to  prove  the  existence  of  u  satisfying  (23"),  we  argue  as  follows:  for  each 
m  fixed,  we  consider  the  penalized  system: 

f  Aiue  +  8e(ue  '  ue*  ’  *i*x,ue)  in  ue  e  c2<0>,  »  0  on  30 


(25')  <  • 


l  Amue  +  6c(ue  '  ue>  *  fm(x'u€)  in  °‘  U€  e  u™  “  0  on  • 

Obviously  ju  is  a  subsolution  of  ( 2 5 1 )  since: 

Vi  >  1,  A^u  <  f^x.utx))  in  0,  u  e  W2'  (0),  u  <  0  on  30 

Next,  recall  that  in  view  of  the  results  of  L.  C.  Evans  and  A.  Friedman  [16J  if 

g,, e  c(0)»  there  exists  a  unique  solution  U  ”  KF  of: 

1  m 

(  +  0J.IU1  -  U2)  «  f1  in  0/  u1  e  w2'p(0)(p  <  »),  U1  -  0  on  30 


(25”)  /  • 


A  u 


+  0£(U  - 


u1, 


f  in  0,  um  e  W2'p(0)(p  < 

m 


m 

u 


0  on  30  , 


where  U  -  (u1 , . . . ,um) ,  F  *  (f1 
into  C(0>  and:  KF1  >  KF2  if 
Now  if  v  e  0(0),  v  >  u  in  0 
(see  for  example  [16],  [38]) 


...,fm).  In  addition  K 

12  12 
F  >  F  (where  F  >  F 

then  If  (x,v)l  —  <C 
L  (0) 


is  a  compact  mapping  from  C(0) 
means  fj  >  f2,  for  1  <  i  <  m). 
(indep.  of  e,  i,  m)  and  thus 


sup  IK  (v)l  m  <  Cdindep.  of  e,  i,  m) 

1<i<m  L  10) 

where  K^lv)  is  the  solution  of  (25")  corresponding  to  g^  =  f^lxjv).  Then  if 

C  -  (v  e  C(0),  v  >  u  in  0,  Ivl  <  C  },  the  map  (K. (v) , . . . ,K  ( v) )  is  a  compact 

L  (0)  1 
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riiiit  uuKHis  map  iron  the  I'mivex  set  into  C  and  thus  by  Sehauder  t  1  xeci  joint  Theorem, 

l  n 

there  exist  (u  ,  ...,u  )  solution  <  <  t  and  in  addition  wh  have: 

C  £ 

u1  >  u  in  (\  Du1  II  <  c 

c  “  fc  l"(0)  1 

hut  tins  Last  bound  enables  us  to  obtain  the  tollowinq  estimate  ny  the  same  met  nod  as 
mentioned  in  Kemd rk  11-2: 

Du1  U  <  t*  (indep.  ot  £ ,  i,  m) 

t  w  '”(0) 

And  passinq  to  the  limit  (t  ♦  0,  m  *►  00 )  exactly  as  m  (IbJ,  [31  J  we  prove  the  existence 
ot  u  satis tying  (23*')-  And  tins  completes  the  proof  ot  Theorem  11-1. 

Proof  of  l.emnut  11.1:  wc  wi  1 L  only  prove  part  l)  ot  Lemma  II.  1  since  part  n  )  is  obtained 

by  exactly  the  same  argument  as  in  the  proot  ot  uniqueness  in  P.  L.  Lions  [31]. 

Now,  to  prove  l),  we  first  claim  that  we  may  assume  without  loss  of  generality  that 

c*(x)  >  cx  >  0  (tor  some  a  >  0).  Indeed  we  have  for  all  p  >  0: 

sup  (A  u  Miu  -  (t  +  Pu))  >  0  a.e.  in  0 
i>1  1  1 

sup i A  v  +  pv  -  (q  +  pv))  *  O  a.e.  in  0 
i>1  1  1 

and  cnoosinq  P  large  enough#  we  are  done.  Thus  we  assume:  c1(x)  >  a  >  0 
( Vi  >  1  ,  Vx  e  0)  • 

Next,  we.  remark  that  we  have: 

sup  (A  (u  -  v)  >  0  a.e.  in  (),  u-v  fc'  W  (0),  u-v  >0  in  t> 
i>\  1 

OP 

And  thus  there  exist  »  Y  t  L  (  Q)  satisfying: 

2 

-  a|tn\pu_v'  +  W<u~v>  +  Ttu-v)  *  0  >>•<?.  in  C1 

akPx,4k^l  *  Vl^‘!  VC  6  rN  W  C’ 

v  Y(x)^a  a.e.  in  0  • 

We  may  now  apply  bony's  maximum  principle  [ H 1  to  show  that  either  u  =  v  or  u  >  v  in  0 . 
And  it  u  >  v  in  C1 ,  tollowinq  the  proof  ot  M.  H.  Protter  and  H.  K.  Weinberger  (411 
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t 


concerning  tne  Hopr  maximum  principle. 


,  Ju  9  v 

oDtdins  easily:  on 


30. 


1 1 #  3  Existence  and  properties  of  demi-eigenvalues: 

We  will  keep  die  notations  or  die  preceding  sections  {II.  1  ana  11.2)  ana  we  introduce 
the  nonlinear  operator  A; 


GD  2  ,  °° 

Av  =  sup  {A  y)  G  L  (  0)  t  if  V  fe)  W  (  0)  • 

1>1  1 

Let  us  recall  that  we  denote  by  A  (A^)  the  tirst  (or  lowest)  eigenvalue  ot  tne  operator 
Ax  (with  Dinchlet  boundary  values). 

Our  main  result  is  the  following: 

Theorem  II. 2:  Under  assumptions  (21),  (22);  there  exist  two  constants  A  ,  T  such  that: 
i )  The  following  inequalities  are  satisfied: 

(28)  A  <  inf  A  (A  )  <  sup  A  (A  )  <  T  ; 

i>i  i>i  1 

(29)  lt_  cl(x)  >  0  ijn  0  for  all  i  >  1;  then:  X  >  0  . 

il )  _If_  X  <  X  and  if  (f  (x>)  ^  is  a  sequence  ot  functions  satisfying  (24)  then  there 

2  00 

exists  a  unique  solution  u  C  W  '  (0)  ot^ 

(4)  sup (A  u  -  f  )  *  Xu  a.e.  m  0  ,  u  «  0  o£  3 0  . 

i>1  1  1 

ill)  _If_  X  <  X 1  and  it  <f^(x))  is  a  sequence  of  nonnegative  functions  satisfying  (24) 

2  «  . 

then  there  exists  a  unique  nonneqative  solution  u  6  M  ( (?)  ot_  (4). 

2  <» 

iv)  There  exist  i f  (  ^  8  *  (0)  satisfying: 

(5)  Av>1  =  sup(Ai^1  )  *  X1^1  a.e.  in  0 ,  <  0  in  0,  ^  =  0  on  30 

i*1 

(6)  A 4>1  =  suptA^)  =  ^1V1  a.e.  in  0,  ♦1  >  0  in  0 ,  4>1  =  0  on  3  0  . 

i>1 
2  ® 

v)  Let  (^,X)  C  W  '  ( (?)  X  R  satisfy: 


hp  =  X^  a.e.  in  ,  =  0  on  3  0  . 

If  0  in  o.  then  X  =  Xl  and  ,-8^  tor  some  0  >  0.  And  it  0  i_n_  0. 

V 

then  X  =  X1  and  <  =  8^  for  some  8  >  0. 
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•ceir.atk  11.4:  In  view  wt  this  res'ur,  it  is  cl^ar  tnat  A  ,  play  the  rr  *  *  '■■*?  •  *  •  - 

elqeiiVulue  l  t.'.e  lumiltwiit  operator  A  .  At»-J  '**•  t'.ut  me  fionllJWdnt;  ** 

torm  utul  tnus  typically  Lipschit;:  roujnly  speaking)  creates  a  pair  ot  wt.at  *>-  » -  ■*  :~ri- 
eiqonvaiues.  This  phenomenon  was  rirst  observed  by  b.  berestycki  [/)  in  a  tf  ta.iy 
different  setting  namely  bifurcation  theory  with  non-di t f erent 1  able  mappings:  in  [  ? ]  was 
considered  the  case: 

-  uM  «  Au+  -  U'i  in  (0,1  ),  u  «  C2  (10,1]),  u(0)  =  u(l)  ~  0 

where  A,  u  >  u.  But  this  is  actually  a  particular  case  of  the  above  case:  indeed  set 

u  =  Aa  and  remark  that  the  above  equation  is  equivalent  tof  it  a  >  l, 

max(-u" ,  -  —  u" )  s  \u  in  (0,1),  u  fc“  C2 ( [0, 1 ] ) ,  u(0)  =  u<  1  )  =0 

a 

and  to,  it  a  <  1 , 

min(-u",  -  —  u" )  =  Au  in  (0,1),  u  €  C2( (0, 1 ) ),  u(0)  =  u(  1  )  =  0 
a 

Since  in  this  specific  context  it  is  possible  to  show  the  existence  of  infinitely  many 
denu-eigenva  Lues ,  it  would  be  interesting  to  see  if  this  remains  true  in  the  general 
context  of  Hami 1 ton- Jacobi -bel lman  equations* 

Remark  11,5;  Let  us  mention  that,  using  the  results  of  L,  C.  Evans  (14),  (15)  one  can 

prove  ^ ^  fe*  C2'°(0)  (tor  some  a  e  (0,1)).  In  addition  from  Lemma  II. 1  one  deduces: 

3  3 

=—(*,)>  0  on  30,  ■=—  (v.  )  <  0  on  3  .  finally  let  us  mention  that  part  li )  of  lemma 
an  1  an  1 

11.1  remains  valid  it  A^  >  0  while  it  remains  valid  if  X^  >  0  and  it  ti#  gx ,  u,  v  3re 
nonnegati ve. 

It  is  possible  to  give  a  purely  analytical  proof  ot  Theorem  II. 2  without  any  help  from 
Probability  theory  but  we  prefer  to  make  a  simpler  proof  which  uses  both  Partial 
Differential  Equations  and  Probabilistic  techniques.  This  will  enable  us  to  prove  at  the 
same  time  (we  keep  the  notations  of  section  II. 1): 

Theorem  11.3:  Unger  assumptions  (21),  (22);  the  two  constants  A^ ,  X^  ot  Theorem  11.2 
satisfy: 
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l )  we  have 


(  30) 


(31  ) 


3  =  sup(X  p  R,  sup  sup  E[j  x  expfXt  -  /*T  cX*S*(y  (s))ds)dt)  <  ■> 

XW0  A  0  0  x 


-  sup(X  W  R,  sup  sup  E(exp(Xr  -  /  x  c1^t*(y  (t))dt)l  <  “) 
XWT>  A  x  0  x 


X  =  sup(X  6  R,  sup  int  E( f  x  exp(Xt  -  J1  c1*S'(y  (s))ds)dt)  <  •) 
'  xtj  A  °  Ox 


=  sup(X  6  R,  sup  int  ElexpfXt^  -  J^x  c1^t*(y  (t))dt))  <  •)  ; 

XW0  A  X  °  ■' 


ix)  X  <  X^  and  it  (f  (x))  ^  is  a  sequence  ot  functions  satisfying  (24)  then  the 

2  00 

unique  solution  u  in  v»  '  (0 )  ot  ( 4 )  is  given  by: 


(32)  u(x)  =  int  E[/QX  t1(t)(yxltl)  exP^t  -  /p  c1  lS  f  (y^ls  )  )ds}dt)  ; 

ill)  _If_  X  <  X,  and  if  (£^(x)>i>1  is  a  sequence  of  nonneqative  functions  satisfying 

2  08 

(24)  then  the  unique  nonnena tive  solution  u  _or^  (4)  jiji  U  '  (0)  is  given  by  (32). 

We  may  now  turn  to  the  proof  of  Theorems  IX. 2  -  II. 3  which  is  divided  in  several 
steps:  we  need  first  to  introduce  a  tew  notations.  We  will  denote  by  8  the  nonlinear 
operator  defined  by: 

»  mf  (A  e  L “(0),  for  <P  y  W 2'“(0)  . 

i*  1  1 

And  we  introduce  the  sets  I  and  J: 


i  =  {x  e 

R, 

3u^  6  W2,”(0): 

Aux  =  Xux  *  ’ 

a*e.  in 

o,  uA  > 

0 

in  0 , 

u^  =  0  on  9  0} 

J  =  (X  y 

R, 

3v^  W  w2,"(0): 

Bva  =  XvA  ♦  1 

a*e.  in 

vx  » 

0 

in  0 , 

=  0  on  3  0} 

in  view 

ot 

(17),  if  X  4  - 

sup  lc  1 

,  X  6  I 

n  J  -  . 

£  i  “ 

1>1  L  (O) 


Our  proof  consists  ot  six  steps:  Step  1 :  There  exist  X1  ,  X^  6  R  U  (+<•)  such  that 
I  =  )-•”,  Xf  [  ,  J  =  )-»,  X1  l  and  X(  <  ;  Step  2:  Xf  (resp.  X(  )  is  less  than  -tie 

constant  defined  in  (30)  (resp.  (31))  and  they  are  finite;  Step  3:  Proof  of  parts  ii). 
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m)  of  Theorem  II.  2  and  of  parts  ii),  ill)  ot  Theorem  II.  3;  Step  4: 


Hu^U  ^(resp.  flv.il  ^ )  ♦  v»  as  X  ♦  X  (resp.  A  ♦  A  )  and  proof  ot  (30)  -  (31);  St^p  5: 
A  L°°  A  L°° 

Proot  ot  parts  iv),  v)  ot  Theorem  II. 2;  Step  b;  Proof  ot  part  l)  of  Theorem  II. 2. 


Step  1 :  There  exist 

X^,  X^  t  R  u  {+°°}  such 

that  I  =  ] 

1  X  [and 

J  =  j  -00 

i  X  f  and 

X  <  J  : 

-1  1 

We  first  prove  that  it 

A  £  I  (resp.  X  £  J) 

then  M  £ 

I  (resp. 

V  £  J) 

tor  all 

U  *  X.  Indeed,  let  us 

take  tor  example  the  case  ot  I , 

it  A  a  1 

than  for 

p  <  X: 

Aua 

*Wu^+1  a.e.  in  0, 

>  0  in 

O 

II 

w< 

3 

O 

on  30 

while  obviously:  A0  = 

0.  Thus  by  Theorem  II, 

» 1.  there  exists  u  £ 
M 

u  '  (0) 

satisfying 

Au  =  Uu 

+  f  a.e.  in  0,  u  > 

u  >  0  in 

0,  u  =  o 

on  30 

and  u  £  I. 

Next,  to  prove  that,  tor  example,  I  is  open,  we  argue  as  follows:  let  X  £  I,  we 

need  to  prove  there  exists  e  >  0  such  that  A  +  e  £1.  but,  if  k  >  1,  we  have: 

A(ku^)  =  A(k  u^)  +  k  =  (A+e)k  +  1  +  {k  -  1  -  ek  u^}  a.  e.  m  0  . 

Thus  choosing  e  small  enough  such  that  eHu,ll  <  ~  and  k  >  2,  we  obtain: 

L  (0) 

A(ku^)  >  (A+E)(ku^)  +■  1  a.e.  in  Or  ku^  *  o  on  30  . 

Since  Ao  =  0,  we  deduce  from  Theorem  II. 1  the  existence  ot  u(=u^+E)  such  that: 

Au  =  (A+e)  u  +  I  a.e.  in  (),  u  >  o  in  (1  u  =  o  on  30. 
finally,  if  A  «  J,  we  have: 

Avj  >  Bv^  =  Av^  +  1  a.e.  in  0,  >  0  in  0,  =  0  on  30 

and  since  0=0,  we  conclude  that  A  t  J  from  Theorem  II. 1. 

Step  2-  Aj  (resp.  A^  is  less  than  the  constant  defined  in  (3u)  (resp.  (31))  and  they 
are  finite. 

More  precisely,  we  denote  by  (J  ,  U^: 

U  =  sup(A  6  R,  sup  sup  E[/  X  exp(At  -  /*"  c1*Shv  (s))ds)dt)  <  <*) 
xfe’0  A  Ox 

=  sup(A  (j  R,  sup  int  E(/0X  exp(At  -  /jj  cl*S*(y  (s))ds)dt|  <  «•) 
xfe'O  A 


It  is  ,i  simple  exercise  th.it  we  skip  to  check  that  are  also  qiven  by: 


>i  =  sup(A  G  R,  sup  sup  EfexpiAt  -  f  X  CA  S  (y  (s))ds}j  <  “) 

■'  A  X 

T 

U(  =  sup(X  fe-  R(  sup  inf  EJexplXT^  -  j  J1  c1<s,(y  ( s ) )  o  s }  ]  <  “>  ) 
xfa  A  *  °  x 

Next,  let  X  t  J  (for  example)  and  let  us  prove  that  X  <  y  .  Let  v^  be  such  that: 

®v^  =  Xv^  +  1  a.e.  in  0,  >  0  in  0,  v^  =  0  on  30.  Let  A  be  an  admissible  system, 

we  apply  Xto's  formula  to  v.(y  (t))exp{Xt  -  /*"  cl<S*(y  (s))ds}  between  0  and  tat, 

AX  U  X  X 

and  we  find: 


v.(x)  -  E(v.(y  (Tat  ))exp[XTAT  -  /  X  cl(t)(y  ( t )  )dt }  ]  + 

^  A  X  X  XU  X 


+  E  /0  XlAi(t)<yx<t>>  -  *vX(yx(t) >Hexp(Xt  -  /p  cl(s!(yx(s))ds)dt} 


and  this  yields: 


Tat 

vA<x)  >  E  /0  X  exp(Xt  -  c1 (S 1 (yx(s)  )ds)dt 


tor  all  T  <  -.  Taking  T  ♦  «•,  we  conclude. 

It  just  remains  to  prove  that  1T)  is  finite  (i.e.  ^  <  +«).  Without  loss  of 
generality,  we  my  assume  that  for  some  5  >  0,  Q  =  ]0,  5[Nc:  o.  And  clearly  U1  <  H  where 
U  is  given  by: 

_  T 

U  =  sup( X  6  R,  sup  inf  E[/nX  exp( Xt  -  /*"  cl(s)(y  (s))ds)dt)  <  » 

xeO  a  0  x 

where  T^  is  the  first  exit  time  from  Q  of  the  process  yx(t). 

Now  consider  the  one  dimensional  control  problem: 

N 

dy„(t)  »  [  0.(t,u)dWdt)  +  b(t,ui)dt,  yx(0)  «  x  6  (0,6) 

where  0^ ,  bj  are  any  progressively  measurable  processes  such  that: 

N 

v  <  2  ^  l°i  I  2  4  WC  -  Ibl  <  C 

3  =  1  J 

where  C  is  such  that:  «a^l  m  <  vC,  Hb^l  „  <  C.  Therefore,  it  is  clear  that 

L  (O)  L  (O) 
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given  by: 


U  =  suu(A  fe  K,  sup  inr  tfj  ,  exp(At  -  A  t)dt  <  °°) 

U  r  ..  r  .  '0  'J 

Xte(u,5]  A 

wnere  A  is  any  admissible  system  corres£>ondinq  to  the  one -dimensional  prouien,  where 

is  the  tirst  exit  time  trom  lu,6]  ot  yx ( t )  and  where  A  =  sup  ic1  I  ^  .  *e  cjdin  now 

1  (o) 

that  P  is  also  given  by: 

0  .  A-A 

=  sup  (A  6  R,  a  K  c2(  ( 0,  6  ]  ) :  -vu"  +  |u '  |  +  1  in  ) 0, 6  [ , 

uA  >  0,  ux(0)  *  ux(5)  =  0)  . 

Indeed  it  we  denote  by  this  last  constant,  remarking  that  the  following  equations  are 


equivalent  if  A  >  A 


-uu£  +  |uj^|  =  c  ?  ^  in  ]0,6(,  >  0 


max  [-au£  +  bup  =  (A-X  )u^  +  1  ln  ) 0 , 6 [ ,  u,  >  0 
v<a<CV  0 


we  already  know  that  if  >  Xq  then  <  UQ.  But  it  is  very  easy  to  show  that 

>  X  and  thus  we  know  that  u  <  u  .  Next,  we  show  that  if  IT  <  •  then  Ju.l  ♦  +“ 
O  U  CO  0  A ' 

as  A  *  P^*  Indeed  it  it  is  not  the  case,  there  exists  u  solution  of: 

50 


VU^  +  |  u  * 
vj  p 


“o  -  *o 


u  +1  in  ]0,6[,u  fe  C‘(t0|6))  , 


u  ( 0)  =  u  (5)  =  0  ,  u  >0  in  [0,6]  . 


But  since  the  set  of  X  such  that  there  exists  u^  as  above  is  open  (see  Step  1)  we  hav 
a  contradiction  with  the  definition  of  Thus,  |u^|  —  ♦  +«•  as  X  *  U  )f  it  "u  ^  is 

finite.  But,  by  the  same  argument  as  above  (applying  Ito's  formula),  we  see  that  tor 


u^(x)  =  C  inf  E[/ox  expl ( X  -  XQ)t)dt] 
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(3ince  X  <  pQ,  this  is  a  verification  result  totally  similar  to  those  introduced  in  N.  V. 
Krylov  [251,  (261). 


Since  max  u.(x)  ♦  +®,  as  X  ♦  vn,  one  sees  immediately  that 
[0,41  *  0 

0  _ 

sup  inf  E[f  x  exp((p  -  X  ) t}dt )  =  +«•;  thus  p  =  p"  . 

[0,41  A  0  °  0  00 

We  now  conclude  by  proving  that  p^  <  *.  Indeed  let  X  <  p^  and  let  u^  6  C  (10,4] ) 

satisfy: 

X-X 

-  Vuj  *  I I  «  — —  ux  +  1  in  l°>5t  ,  u^  >  0,  U^(0)  =  u^(4)  »  0  . 

a 

As  indicated  before:  u^(x)  =  C  inf  Elf Qx  exp{(X  -  X^Jtldtl  and  thus  is  unique,  therefore 

^  6 

u^(x)  ■*  u^(4-x)  for  x  6  [0,4].  In  particular  uj(— )  =  0.  In  addition  it  is  easy  to 

6 

prove  that:  u£  >  0  on  [0,  — ]  (one  may  use  for  example  the  general  results  of  Gidas-Ni- 

y  oo 

Nirenberg  122]).  Now  from  the  equation  one  sees  that  uj  €  W  '  (0,6)  and  v  * 
satisfies: 


A -A 


-  W"  +  v* 


^ -  v  in  10, -j[  ,  v( 0)  <  0,  v(-|) 


v  e  c2(o,|)  n  c’ao.i)) 


x-x 


and  thus  — - —  is  less  than  the  lowest  eigenvalue  X(  of  the  operator 
d2  d  4 

-  v  — 2  +  dx  on  the  domain  with  Dirichlet  boundary  conditions  at  0.  Therefore 

dxx 

PQ  <  XQ  +  CX1  and  we  conclude. 


Step  3:  Proof  of  parts  ii),  iii)  of  Theorems  II. 2,  II. 3: 

Let  X  6  J  (i.e.  X  <  X^),  from  the  definition  of  J,  there  exists  u^,  G  W~'  (0) 
such  that: 


,2,-, 


(Au^  =  Xu^  +  1  a.e.  in  0,  >  0  in  0,  *  0  on  30 

A ( -vx )  ■  X(-v^)  "  1  a.e.  in  0,  -vx  <  0  in  ,  -v^  -  0  on  30  . 

And  thus  if  (f  <x))  ^  t*  *  sequence  of  functions  satisfying  (24)  then  for  k  large 
enough  we  have: 

sup  (A  (ku,  )  ■  f  |  >  X(ku.)  a.e.  in  0,  ku,  >  0  in  J 

i»1  1  A  1  A  A 
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sup  [A  (-sv.)  -  r  )  <  X(-kv.)  a.e.  in  0,  -kv.  <  0  in  (J 
-  .  1  A  l  A  A 

1 

2  00 

and  we  deduce  from  Theorem  II. 2,  the  existence  of  u  W  '  (0)  solution  ot : 

sup  (A  u  -  t.  |  -  Xu  a.e.  In  0,  u  =  0  on  30 
i>1  1  1 

In  the  same  way,  it  X  <  X^  and  if  (f^(x))  ^  is  a  sequence  ot  nonnegative 
functions  satisfying  (24),  we  prove  the  existence  ot  a  nonnegative  solution  u  ot  the  same 
problem  (in  this  case  take  0  as  a  subsolution  since  f^  >  0,  Vi  >  1). 

Finally  to  prove  uniqueness  ot  such  solutions  u,  it  is  enough  to  show  the  stochastic 
representation  (32).  But  this  is  a  simple  remake  of  the  arguments  introduced  by  N.  V. 
Krylov  (25),  (26),  using  the  fact  that  if  X  <  X^  (resp.  X  <  X^ )  then  X  <  (resp. 

x  <  W,). 

Step  4:  Hu,#  ♦  +*•  as  X  ♦  X. ;  lv.  I  ♦  +"  as  X  ♦  X  .  Remark  first  that  in  view  of 
L  L 

the  representation  proved  above: 

u^(x)  =  inf  El /0X  exp{Xt  -  c1 (S * (Yx(s ) )ds}dt) 

A 

v^(x)  =  sup  E(/0X  exp{Xt  -  C1 ls * (yx(s ) >ds)dt)  ; 


this  implies  immediately:  Xi  =  u  ,  T1  =  that  is  part  l)  of  Theorem  XI.  3.  Let  us 


prove  now  that,  for  example, 

I  ♦  +"  as  X  -» 

X  . 

1 

If 

this  were  not  the 

case, 

there 

L°(0) 

would  exist  X  ♦  X  such  that 

n  n  1 

luA  1  m  <  C  (indep. 

ot 

n ) . 

We  are  going  to 

prove 

that 

n  L 

this  would  imply:  lu.  1  < 

C  (indep.  of  n). 

But 

this 

would  show  that 

there 

exists 

2  oo  "  W  <01 

u  V  w  '  ( 0 )  solution  of 

X 

1 

Au  =  Xu  +i 

x,  h 

a.e.  in  0,  u  >  0 

in 

o, 

u  *  0  on  30 

\ 

X 

1 

(pass  to  the  limit,  as  n  ♦  m,  as  in  [13),  lib)).  And  this  would  contradict  the 


definition  of  X(  since  I  is  open  (Step  1). 

Therefore,  we  need  to  prove:  lu,  I  <  C  (indep.  of  n)  as  soon  as  lu.  I 

n  W2'"(C))  n  n  L* 

is  bounded.  To  simplify  the  notations,  we  denote  by  u  =  •  Without  los6  of 

n 

generality  we  may  assume  that  c  >  0,  Vl  >  1  (it  this  is  not  the  case,  add  a  constant  to 
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I 


both  c1  ana  A  ).  As  in  the  [»roo£  ot  Theorem  II.  1,  we  Know  there  exist 


ot:  (m  >  1  is  fixed) 


f  .  n,l  ,  ,  ri/  1  n,2.  *  .  n,1  .  ,  ,•» 

Au  +  3  (u  -u  )=A(u  a  c  i  «■  1  in  0 
1  e  e  e  e  n  £  U 


u.m  a  ,  n i m  n*l.  \  <  n i n  »  •  a 

.  A  u  *  +  0 _  { u  -  u  )  =*  A  (u  a  C  )  +  1  in  0 

Vmc  ee  e  n  e  0 


with  un'x  t  C 2(Q),  un#1  >0  in  0,  un,X  =  0  on  30  and  where  C  >  lunl  ^ 

6  6  £  °  L  (0) 

(Vn  >1).  In  addition  lu"'1!  m  <  C  for  some  constant  C,  (indep.  of  m,  n,  i,  c). 

L  (0) 

But  this  implies  as  in  Remark  II. 2  and  in  the  proof  of  Theorem  II. 1: 

lu"'1!  2  m  4  C2  <lndeP.  of  m,  n>  i»  e>  • 

Now,  taking  C  *  0,  m  *  m,  we  obtain  the  existence  of  u"  solution  of: 

Au"  =  X  (u"  «  C  )  +  1  in  0,  un  6  W2'  ( 0 ),  lunl  <  C 

"  °  W2'  (0)  2 

un  >  0  in  0,  u11  =  0  on  30  . 

To  conclude,  we  are  going  to  prove  that  un  *  u",  but,  rewriting  the  above  equation  as 

Aun  +  X  (un  -  c  )+  =  X  un  +  1  in  0,  un  6  w2'*(0) 

n  On 

u"  >  0  in  0,  u"  »  0  on  30  ; 

we  prove  as  above  that  any  solution  of  the  preceding  equation  is  given  by 

un(x)  =  inf  E(/  x(l  +  5(t)X  C  }exp{(1  -  S(t)X  t  -  /*  c*'s'(g  (s))ds}dt 
.  »  u  nu  nu  x 

A, 6 

where  fi(t,w)  is  any  progressively  measurable  process  with  values  in  {0, 1 ) .  Now  since 

lunl  m  <  C  ,  u"  is  also  a  solution  of  the  preceding  equations  and  un  =  un. 

L  (O) 


Step  5:  Proofs  of  parts  iv)  -  v)  of  Theorem  II. 2 
from  step  4,  we  know  that  lu^l 


♦  +*  as  X  ♦  X  and  lv,l  _ 

L  ’CO)  1  *  KOI 


♦  as 


A  >  A  .  we  then  define  ip*  *  -  -= r 

-1  2  „  A  Iv.l  m 

*x.  VA  «  w  '  (0)  L  (0) 


and  *x  ■  TT 


:  obviously  we  have: 


L  (0) 
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I 


Av'\  =  +  ht,t 


a.e.  in  (\  >  0  in  Ot  +  ^  =  0  "n  jc 


L  (0) 


=  AiJ/  — s - g-! - a.e,  in  0#  4\  <  0  in  0,  =  0  on  30 

A  A  D  v,  i  A  A 

A  00 
L  (0) 


and  I^I 


■V  -  -  ’• 


X  ♦  X. 


L  (  0)  L  (  0) 

Now  exactly  as  in  the  proot  ot  Step  4,  we  obtain: 

w ,  i  4  c  ,  a  <  c 

AW  2'“<0>  0  Xw2'“(0,  0 

where  CQ  does  not  depend  on  X  (for  X  >  X^  -  1).  And  passing  to  the  limit  as 

or  X  ♦  Xf  (in  the  same  way  as  in  [13],  [16],  [31])  we  obtain  part  iv)  of  Theorem  II. 2. 

2  00 

We  next  prove  part  v)  ot  Theorem  II. 2.  For  example  let  (^,X)  6  w  (0  )  x  R  be  such 

that: 

Ai)i  =  X^i  a.e.  in  0,  i|i  >  0  in  0,  4>  =  0  on  30  . 

We  first  show  that  X  =  ;  indeed  if  X  <  ,  it  is  then  trivial  to  deduce  from  the 

stochastic  representation  (or  the  uniqueness)  that  i|i  =  0  in  "0.  On  the  other  hand  if 
X  >  Xi#  we  argue  as  follows:  first,  we  remark  that  Lemma  II. 1  implies  that  if  41  0 , 

there  exists  a,  6  =  0  such  that:  8*1  >  i|i  >  011^  >  0  in  0.  Now  by  the  same  verification 
method  as  the  one  introduced  by  N.  V.  Krylov  [25),  [26]  one  obtains  easily: 

Txt 

» ,<x)  =  inf  E[*  (y  (Tax  ))exp{T  T»T  -  /  *  c  t!(y  (t))dt>) 

•  I  X  X  'XU  X 

A 


TaT 

♦  (X)  =  int  EI4»(y  (T*t  )>exp{XT/<T  -  J  x  c1(t,(y  (t))dt}j 
^  X  X  X  U  X 


tor  all  T  <  ».  Therefore: 


1  TaT 

Vx)  4  a  int  El'f’(yx<T''T)<))exp{XTATx  -  /0  X  c  (yx  ( t )  >dt)  •  1(T<T  }) 


-(X-X  ) T 

*  e  ^  (x)  in  0  , 
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and  choosing  T  large  enough,  we  obtain  a  contradiction  that  proves :  X  = 

We  now  show  that,  necessarily,  i|<  =  tor  some  9  >  0.  Indeed,  let  us  tirst  remark 

that  by  a  simple  application  ot  Lemma  11.1  we  have: 


Thus  it  f  ?  9i(ij 

then  necessarily: 
we  ha  ve : 


*(x). 
(tor  any 


.  d  w 

(x )  >  U  tor  x  6  0,  -5-L, 

1  an 

0  >  0),  and  if  we  denote 
0  =  sup(p  >  0,  <  i(i 

in  0  and  i(i  A  9^.  Hut 


3*, 

IbT 

by 

in 

let 


<  0  on 


0) 

X  >  0 


30  . 


be  such  that 


X  +  xi  >  0, 


A  ♦  +  X4»  =  (X  +  X(  )^i  in  0 

>  (X  +  T  )  <  9<(/l  )  =  A  ( ©i^>1  +  X(9^)  in  0 

And  applying  Lemma  11.1,  we  deduce:  l)i  -  0i|>  >  0  in  0  and  -  9^^ )  <  0  on  30. 

Thus  there  exists  e  >  0  such  that: 

(9+£)i(i|  <i(i  in  0  , 

and  this  contradicts  the  definition  of  9.  This  proves  our  claim.  (Let  us  mention  that 
the  above  argument  is  an  adaptation  of  a  device  due  to  T.  Laetsch  (241.) 

Step  6:  Proof  of  part  i)  of  Theorem  II. 2. 

We  first  prove  (29):  indeed  in  view  of  (171,  if  c1  >  0  (Vi  >  1)  then  there  exists  a 
2  00 

solution  v  S  w  '  (()  of 

8  vQ  =  1  in  0,  vQ  =  0  on  30 
and  thus  0  G  J;  since  J  is  open,  this  yields  (29). 

From  (S),  we  deduce: 

Ai^1  <  *1^1  d’e*  in  0,  y>(  <  0  in  0.  «  0  on  30  ; 

but  this  implies:  A  ^  A  i  ^  *  S'  and  we  obta*n  the  *irst  Part  of  (28). 

Finally  to  prove  the  second  part:  let  X  <  sup  X^ (A^  ),  there  exists  i  such  that 

i  _  2 

X  (A  )  >  X.  Thus,  it  is  well-known  that  there  exists  u,  6  C  ((J)  satisfying: 

I  l  A 

A^u^  *  1  +  Xu^  in  0,  u^  >  0  in  0.  u^  =  0  on  30  ; 

and  therefore:  A  u^  *  1  *■  Xu^  in  0,  u^  >  0  in  Q.  since  we  have:  AO  »  0  <  1 1  applying 
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Theorem  U.  *  we  obtain  the  existence  of  (between  0  and  u^j  su 1 1  st y l nq : 

A'J^  =  1  ♦  \u^  a.e.  11.  0,  u  ^  >  0  in  (\  u ^  ■=  u  on  3  (' 

Thus  X  e  [  uni  X  <  X  ^ .  This  proves  (2d)  and  completes  the  proot  of  Theorems  II.  2  - 
II.  3. 

Kemark  ll.o:  As  we  will  see  in  the  next  section,  X^  and  X^  possess  many  of  the 
properties  of  the  lowest  eigenvalue  tor  a  second-order  unitormly  elliptic  operator.  For 

the  moment  let  us  lust  mention  that,  obviously,  X  =  A  (A  )  (for  some  l  >  1)  if  ana 

J  -111 

only  if,  denoting  by  v^  the  eigenfunction  corresponding  to  X^tA^),  we  have: 

A  Vl  -  >  o  in  0,  for  all  3^1 

In  this  case  we  have  in  audition:  v’j  =  -0v^,  for  some  9  >  0.  Indeed  if  X^  =  X^(A  ), 
we  have: 


Ai^1  '  ^  in  ^  <  0  in  0,  >1  =  0  on  30 

and  this  implies:  =  -Qv^  tor  some  0  >  0;  and  we  conclude. 

In  the  same  way,  X^  =  X^(A^)  it  and  only  it  we  have: 

A_.v^  -  X^v^  *  0  in  0,  for  all  3  ^  i  • 

In  this  case  we  have  in  addition:  ^  =  0v^ ,  tor  some  0  >  0. 


11.4  Applications  and  properties  ot  demi -eigenva lues. 

We  first  give  a  very  simple  bifurcation  result  which  has  only  the  value  of  an  example. 
We  keep  the  notations  of  the  preceding  sections  and  we  consider  the  equation: 

(33)  Au  +  A|u|^  *u  =  Xu  a.e.  in  0,  u  S  W^'  (()),  u  =  0  on  3(9 

and  we  take  X  >  0;  we  assume  (21),  (22)  and  cl  >  u  ( Vi  >  1)  tor  simplicity.  Finally 
let  p  >  1.  We  will  consider  here  only  the  existence  ot  solutions  with  constant  sign, 
we  then  have: 

Theorem  IX. 4:  Under  assumptions  (21),  (22)  and  if  c1  >  0  (Vi  >  1);  then  we  have: 


1) 

It 

\ 

< 

V 

the  only  solution  ot  (33)  is: 

u  -  0. 

U  ) 

it 

\ 

< 

V 

the  only  nonnegative  solution  < 

of  (  33 ) 

u  2  0 

• 

ni  ) 

if 

\ 

> 

v 

there  exists  a  unique  negative 

solution 

c 

0 

i-r 

(33). 

iv) 

It 

\ 

> 

there  exists  a  unique  positive 

solution 

u  of 

(33). 
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in  other  words,  we  have  trie  following  uiturcdti.  fi  diagram  ror  the  equ.iti  .1. 


tor  solutions  ot  constant  sign): 

U  't' 


Figure  1 


Remark  II. 7:  It  is  possible  to  give,  as  in  part  I,  the  stochastic  interpretation  of  u^, 

u^:  we  will  not  ao  it  here.  It  is  also  possible  to  show  that  u^,  u^  are  continuous  with 

1.0“ 

respect  to  X  (in  the  space  C  (O)  for  any  a  <  1)  and  that  u^  ♦  0  as  X  ♦  X  and 
*  0  as  X  ♦  X  . 

Remark  II. 8:  On  some  simple  examples,  it  is  possible  to  show  that  there  may  be  between 

A1  and  bifurcation  of  continua  of  solutions  with  no  constant  sign. 

Remark  IX. 9:  This  type  of  split  bifurcation  diagram  (and  of  the  existence  of  demi- 

eigsnvalues)  is  intimately  connected  with  the  Lipschitzian  character  of  the  nonlinearity 

arising  in  A:  we  will  give  below  a  striking  example  explaining  this  claim  (see  also  [7]). 

Proof  otTheorem  11.4:  We  first  show  parts  i)  and  ii  ).  Now  if  X  <  X.) ,  using  Theorem  II.  3 

(and  the  fact  that  d(x)  =  X|u|P  1  >  0  in  (J) ,  the  stochastic  interpretation  of: 

2  00 

Au  +  du  =  Xu  a.e.  in  0,  u  6  W  *  (0)*  u  =  0  on  30  , 

immediately  yields:  u  =  0. 

Next,  it  X  <  ,  the  claim  follows  obviously  from  the  following  Lemma,  proved  be  lew: 
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L'_*rruna  11,2*  1  •>  l*'r  ass’inpr. ions  ■,  21)#  (22);  .it.-l  let  f-i*  1.  i  un  ;e<:  : 

to  )  00 

iiimr.iMidlive  tunctluns  in  1>  (0)-  ■■ *“*  t‘  sure  til"-!  >'  «jxi:-.'.s  r ,  X )  t  **"  f  J)  *  K  -  •••  :•■  *  ’  a'  ■ 

(34)  sup  (A  -  X'y  a.e .  in  0,  y  =  u  on  30 

i?l  1  ~  “ 

i)  Ir  v  >  0  in  Cf  then  X  >  \  «*iui  X  ^  X^  it  unci  or  ly  it  v  -  9^  (tor  sore 

0  >0):  m  particular  we  iMve  ti^i:  l  nt  ril  =  0  d . e . 

1 

11)  It  V  <  U  £n  0,  then  X  >  X^  and  X  s  it  and  only  it  =  9^  ( tor  sore 

9  <  0):  in  particular  we  have  then  sup  d1  -  0  a.e. 

l 

t^roof  ot  Lemma  1 1.2:  We  will  only  prove  part  l)  since  i)  and  n  )  are  totally  similar#  «e 

tirst  show;  X  >  X^.  Indeed  it  X  <  X^,  from  Theorem  11.3  and  usmq  the  stochastic 

representations#  it  is  easy  to  conclude:  ^  H  0.  Now,  it  X  =  A  ,  let  0  be  uefined  by: 

6  sup  (U  >  0,  uto.  *  to) 

It  to  =  ^ ,  we  are  done  since  we  have  then: 

sup(A  to  )  =  sup  ( A  to  ♦  dLto  )  >  sup  ( A  to)  ♦  (int  dX)to 
i>1  11  i>l  1  1  i>l  1  i>1 

If  to  ?  9to./  we  argue  as  tollows:  we  tirst  observe  that 

sup (A. to  +  d  to)  -  sup(A. 0to  )  -  T  (  to  -  eto.  )  a.e.  in  0  . 

i>1  1  1  i>1  1  ' 

On  the  other  hand  there  exist  “k£'\>  Y  t  L  ((?)  satisfying: 

«ki(x)CkC4  >  v|Sj2,  vC  «  RN,  a.e.  in  0 

and  such  that: 


sup(A  1(1)  -  sup(A  9i|i  ) 

i>1  1  i>1  1  1 


_aKf3ki(  *  "  eY-|  >  +  Bk3x<’*'  ~  ^  (  +  Y(  *  "  ®*1  >  a-e-  in  i-1 


And  this  yields; 

"°‘kf3ki<l{'  ~  9l*'1  J  mk)k«i  -  8^1  +  ( Y  -  -  Hj)  * 

>  (inf  a1  >4*  a.e.  in  0 
i>l 

4>  -  84^  W  W2’  (0),  ♦  -  94^  >  0  in  0 


-  !7- 


And  using  bony's  maximum  principle  [  H  J  as  in  the  proof  or  Lemma  11,1  we  deduce: 

>0  in  0$  -r—  )  <  0  on  dt\  and  this  contradicts  the  definition  of  9. 

1  i)n  i 

This  completes  the  proof  or  the  Umma. 

We  now  turn  to  the  proof  of  iv)  m  Theorem  II.  4  (since  the  proof  of  Hi)  is  identical, 
we  will  skip  it).  Let  X  >  X^  and  let  us  show  the  existence  of  u^.  we  first  remark  that 
tor  t  small  enough,  we  have: 

A<eV  ♦  A  =  e  I  *,  ♦  A  eP< 

<  £  **!  a .  e.  in  0 
c  f  w2'  (0),  £  *  =  o  on  30  • 


on  the  other  hand  there  exists  K  large  enough  such  that  K  > 


and  K  >  1 :  thus 


A(K)  +  Xie  >  Xk  in  0  0  K  >  in  0 


The 


n,  applying  Theorem  II. 1,  the  existence  of  is  proved. 

Next,  let  u^,  be  two  positive  solutions  ot  (33);  we  may  assume  without  loss  of 

generality  that  u^  /  and  we  are  going  to  use  an  argument  due  to  H.  Amann  and 
T.  Laestch  (3).  Let  k  =  sup(u  fe*  (0,1),  Uu^  *  v^,  necessarily  k  <  1  and  we  have: 


vx  >  kux  in 


Now  we  have: 


A(kux)  t  Ak  Uj  =  Akux  and  tf,us  A(kux>  +  AkPuP  <  Akux 

Avx  -  A(kux )  t  Ip  v*x  1  -  M(vx  -  kux)  *  0  in  0  , 

and  from  Lemma  II.  1  we  deduce:  v x  -  kux  >  0  in  (J,  (vx  -  kux)  <  0;  on  30;  which 

contradicts  the  definition  ot  k.  This  proves  the  uniqueness  and  we  conclude. 

Remark  II.  10:  We  only  used  the  tact  that  f(t)  =  At  -  AtP  satisfies  (tor  A  >  A(): 

t  6  U'f'  (R),  f(t)t_1  is  strictly  decreasmq  on  R,,  f‘(0)  >X  and  limf(t)t  <  A.  . 
*oc  1  t++» 


therefore : 


We  now  conclude  by  a  result,  announced  in  Remark  II. 9,  showinq  that  the  existence  of 
demi -eigenvalues  and  of  split  bifurcation  diagrams  is  mainly  a  consequence  of  the  Lipschitz 
character  (and  non-di f terentiabi li ty )  of  the  nonlinearity  arisinq  in  the  operator  A.  The 
example  that  we  give  below  can  be  interpreted  in  terms  of  optimal  stochastic  control  but  we 
will  not  do  it  here. 


—  JH— 


*«•  first  remurK  that  it  we  tor 


-a  ♦  a. 


where  *  is  <i  .lens**  family  ot  is**  (  j£  |  =  1  ),  then: 

A  v-  =  -A,y  t  )?v'|  ,  Vy"  fe'  C  Al0)  . 

Thus  Theorem  11#^  yields  in  particular:  A^  >  A^ 

i)  it  A  <  there  exists  a  unique  solution  u^  fe*  C^(())  of 

-Au^  +  |Vu^|  =  1  +  Au^  in  Q,  u^  >  0  in  0»  *  U  on  30 

ux 


l i )  Ah  X  +  X 


ill  ot  : 


1  —  2  — 

j#  | - j -  converts  in  C  IQ)  (and  thus  in  C  (0)  to  the  unique  solution 

UX  “> 


'  -4V1  +  |Vi|>  |  m  ,  i|/t  >  0  in  0,  lif,  1  „=«,<;»  0  on  30 

2  -  L 
in)  finally,  it  i|»  (i  C  IQ)  satisties: 

-Aifr  +  |Vi(i|  =  Xip  in  Q,  p  >  0  in  o,  *  0  on  30 

then  X  =  X^  and  ip  -  Sip^  tor  some  0  >  o. 


(lb) 
<  Jb) 


We  now  consider  a  somewhat  related  proDlem,  namely: 

£ 

-Au^  +  |VujJ  =  1  +  Au^,  >  0  in  0,  =  0  on  30  ; 

^  ^  "w  *w 

-Au^  +  |Vu^|  =  Au^,  u\  >  0  ln  u\  ~  0  on  30  ; 


where  ti  >  1 . 
Proposition  II. 1: 


1) 

For 

all 

A  >  0,  there  exists  a  unique  solution 

ux 

ot  ( 35 )  and 

is  continuous 

wi  th 

res|»ect 

to  A  (tor  example  in  the  space  C  (fl))« 

n) 

It 

A  < 

A t ,  there  is  no  solution  ot  (3o);  while 

it 

A  >  A^  there 

exists  a  unique 

positive 

solution  u.  of  ( 3G)  and  u,  is  continuous 

wi  th 

respect  to 

A  (for  example  in 

the  s[^ce  C  ( Q  ) ) . 

Prool  ot  Proj>osition  II. 1:  Since  this  proposition  is  not  essential  tor  our  concern  here, 
we  will  indicate  only  the  mam  lines  ot  its  proof.  We  first  show  that  it  \  is  founded, 
then  solutions  ot  (35),  (3b)  are  a  priori  hounded  in  W  (0)  (and  thus  in  C  {£)):  t.ne 
existence  can  then  be  obtained  r>y  the  techniques  ot  P.  h.  Lions  JjH).  Wt-  wi  i  1  ttun  i  r  v* 
the  uniqueness  ot  u^,  u^. 


-  ,v>- 


me  proof  or  the  a  priori  I  murids  for  u^f  are  totally  similar  ano  we  *1  i .  v.  :t 

only  ror  u^«  We  <arque  as  follows:  first  r«-marK  ttiat  we  nave: 

Sq  IVu^dx  +  Iq  |  Vu  x }  15  Ujax  <  J0  uAax  +  X  »^x 

but  Iq  iVu^i^u^ox  =  (g^r)B  Iq  |Vu^+'^|^  >  c  /jj  u^dx  tor  some  constant  C(  *  v(3))  >  u 
N 

and  where  0  =  - — -  (3  +  1)  >  2  and  this  shows:  lu.  I  *  C.  Therefore  uv  is  oounden  in 
N  —  1  A  ^  1  A 

^-N/(N  2 1  (m  LP(0),  p  <  “  it  N  <  2)  and  remarxing  that  we  have:  -Au^  4  1  ♦  Xu^ 

in  o,  u^  >  u  we  then  deduce  by  a  straightforward  bootstrap  argument: 

lu.l  _  <  C  . 

X  L  (0) 

Using  this  bound  it  is  easy  to  show  that,  on  a  convenient  neighborhood  of  the  boundary 
I"  =  {x  VI  0,  dist(x,30)  <  e),  we  have: 

-  A(u6)  +  | V ( u6 ) | ®  >  t  +  Xu^  in  r 


ui  »  u^  on  3T 


for  some  large  enough  constant  U  >  0  and  where  S(x) 

3ui 

<  C.  And  using  the  results  of  P.  L.  Lions 


L  (3  0) 


,UX*  1  - 

w1'  (0) 


<  c 


=  dist(x,3o).  This  implies: 
[28],  one  then  obtains: 


We  conclude  by  giving  the  proof  of  the  uniqueness  of  u^  (the  same  argument  works  for 
u^):  again  we  will  use  the  device  of  Laetsch  [27],  If  v^,  are  two  solutions  and  if 
UX  ^  V  we  denote  bV!  k  "  sup(u  6  (0,1),  Wu^  <  in  0).  Then  k  <  1  and  ku^  4  Vy 
Next,  we  have: 

-Atku^)  +  |V(kuA)|B  <  k(l  +  Xu^)  <  1  +  Y(ku^)  <  -Av^  +  |  Vv  ^  |  ® 
and  trom  the  maximum  principle,  this  yields: 

3 

ku^  <  v^  in  0  ,  (ku^  -  v^)  >  0  on  30 

which  contradicts  the  definition  or  k. 
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